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Abstract that they complete their learning in a finite number of steps,
meaning that all training patterns will have been perfectly
We introduce Ellipsoid-ART (EA) and Ellipsoid-ARTMAP learned after a finite number li§t presentationgepochs).
(EAM) as a generalization of Hyper-sphere ART (HA) andThis is in contrast, for example, to feed-forward neural
Hypersphere-ARTMAP (HAM) respectively. As was thenetworks, which use the Backprop algorithm for their
case with HA/HAM, these novel architectures are based orraining and only asymptotically reach a stable state.
ideas rooted in Fuzzy-ART (FA) and Fuzzy-ARTMAP
(FAM). While FA/FAM aggregate input data using hyper- In order to perform their learning task (clustering for FA
rectangles, EA/EAM utilize hyper-ellipsoids for the sameand classification for thEAM classifier), both architectures
purpose. Due to their learning rules, EA and EAM share group their input data into clustefSX categoriesr simply
virtually all properties and characteristics of their FA/FAM categorie$. FA forms its categories from unlabeled input
counterparts. Preliminary experimentation implies that EA patterns via an unsupervised learning scheme, while in
and EAM are to be viewed as good alternatives to FA andFAM categories are formed in a supervised manner and
FAM for data clustering and classification tasks consist of input patterns bearing the same class label. Note
respectively. that, in FAM many categories might describe a single class
of patterns and therefore share a common class label. FA
and FAM can be thought of as networks that during training
1 Introduction perform compression of their inputs by substituting single
patterns with clusters. The forming of clusters is achieved
Fuzzy-ART (FA) [1] and Fuzzy-ARTMAP (FAM) [2] are via a self-organizing scheme; FA/FAM perform their tasks
two neural network architectures based on #uaptive  without optimizing a specific objective function. Both of
resonance theorythat addresses Grossbergsability- them process real-valued, vector-valued data; both cannot
plasticity dilemmd3]. While FA can be used for clustering cope with data featuring missing attribute values. Also, FA
of data, FAM is capable of forming asgi®ons between and FAM work especially well, when the data is binary-
clusters of two different spaces and, as a special case, caalued. Furthermore, both of the networks require a
be used as a classifier too. In this text, FAM will refer to thepreprocessing stage, where either input pattern
FAM classifier network. An important feature of FA/FAM normalization or complement coding is used to prevent
is the ability to undergo both batch (off-line) and category proliferation. While input data normalization
incremental (on-line) learning. In off-line learning, a set of causes a loss of vector-length information, complement
training patterns is repeatedly presented until thecoding normalizes input vectors and preserves their
termination of the networks’ training phase. On the otheramplitude information. Another interesting aspect of the
hand, during on-line learning, the networks’ structure istwo architectures is that due to the internal structure, it is
being altered asatessary to explain the existence of new easy to explain the networks’ outputs, such as why a
patterns as they become available. Urfdst learning([1], particular pattern was selected by a category. This is not the
[2]), a particularly interesting property of these networks iscase, for example, with feed-forward neural architectures,
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where it is significantly difficult to explain why an inpyt  units per category and are also capable of forming more

generates a certain outputA key element in the learning complex decision boundaries than FA/FAM.

process of the two architectures is a atypical pattern

detection mechanism that is capable of identifying patterns2 Ellipsoid-ART & Ellipsoid-ARTMAP

whose presence is not explained by the already developed

(via learning) categories within the networks. Thus, duringln this paper we present EA and EAM, which are a

training phase, a pattern that does not fit the characteristicsuccessful attempt of using hyper-ellipsoids as category

of already existing categories will initiate the creation of arepresentations witlPM+1 memory units per category,

new category. Aside from FA/FAM'’s advantages, criticism while simultaneously retaining virtually all of the properties

[4] has been voiced on the lack of a smoothing operatiorand characteristics of FA and FAM respectively. The new

during learning that would ameliorate the effects of noisearchitectures essentially extend the ideas first presented in

present in the data. The architectures use hard-competitivelA/HAM.

learning to form their categories; hence, over-fitting

becomes an issue. The interested reader might find To guarantee the inheritance of FA/FAM

properties of learning for FA and FAM in [5] and [6]. We properties and to avoid over-parameterization of the

assume that the reader already possesses a rudimentamsulting architectures, during the training phase EA

background in FA and FAM. categories are updated in such a manner so that they comply
to the following two constraints: i) the hyper-ellipsoids

FA and FAM utilize hyper-rectangles for category maintain a constant ratip between the lengths of their

representation, which works especially well for patterns,major axis and their remaining minor axes; minor axes are

whose attributes take quantized values (for examplepf equal length. ii) The hyper-ellipsoids also maintain

patterns with binary valued-features). Note, tha ifs the constant the direction of their major axis once it is set.

dimensionality of the input space, then each FA categoryDespite the above limitations, EA categories can have

requires2M memory units (floating point numbers, for arbitrary orientations in the input space in order to capture

example). When it comes to clustering problems, dependinghe characteristics of the data. An EA categgry

on the distribution of input space patterns, hyper-rectanglegorresponds to each committed node in the EA modEle’s

are not always the ideal shape to represent clusters [7]ayer and is described by itsmplatevectorw;=[m; d; R],

Furthermore, regarding classification tasks, due to the factvherem; is thecenterof the hyper-ellipsoidd; is called the

that both algorithms utilize city-block {) distances, it can  category’s direction vector which coincides with the

be shown that decision boundaries created by FAM aralirection of the hyper-ellipsoid’s major axis, aRds called

piece-wise linear. the category'sadius which equals half of the major axis’
length. Uncommitted nodes in thE, layer do not

Based on the aforementioned facts and FA/FAM’s correspond to any category, since they represent the “blank

sensitivity to noise,Gaussian-ART(GA) and Gaussian-  memory” of the system, and their template veatgris

ARTMAP (GAM) were introduced in [7]. Although undefined. A category's sizefw;) is defined as the full

GA/GAM’s categories do not have a geometric length of the major axis and equal&®. A comparison

representation in the same fashion as FA/FAM categoriepetween a 2-dimensional FA and EA category is given in

do, they still correspond to hyper-ellipsoidal regions Figure 1.

embedded in the input space, which signify the set of

patterns that constantly update the related category. These

regions can also be thought of summarizing the data they

include in some loose sense and they accomplish to form x

non-linear (in general) decision boundaries. Note, that each

category in GA/GAM utilizes2M memory units as

categories in FA/FAM do. Despite several siniilas s(w)

between GA/GAM and FA/FAM, the former ones do not 2

feature an appealing property of the latter ones, which is to

complete the off-line training phase in a finite number of

list presentations under fast learning conditions (learning _ _ . _ _

rateyequals 1). In other words, there is no fast learning law ~ Figure 1: 2-dimensional FA and EA categories with

for GA/GAM. Hypersphere-ART (HA) [8] and template elements.

Hypersphere-ARTMARHAM) [8] were the first neural

network architectures to employ shapes (hyper-spheresga/EaM geometry revolves around the use of weighted

other than hyper-rectangles for category description, whilegcjigian distances, rather than the city-block) @istance

maintaining the major (if not all) propgrties of FA and ,f FA/FAM. Distances of atterns from an EA categojy
FAM. In HA/HAM, hyper-spheres requiri+1 memory depend on the category's shape maBjixiefined as
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classifier, all these parameters will refer to the ones of its
ART, module, since the ones ART, are of no practical
interest. TheART, module corresponds to the input domain
and ART, to the output domain of EAM. When EAM is

. ) _ used as a classifier the output domain coincides with the set
In the above expressiory is the ratio of the hyper- o cjass labels pertinent to the classification problem.
ellipsoid’s major axis length over the length of each other

minor axis. Also, all vectors are arranged in columns andpag \was the case with HA/HAM 18], the definition of the
the T-exponent signifies the transpose of the quantity it is . :

a_pplied upon. l\_lote, _that for EA categories that encode agﬁtoeigg %gﬁf&ggf;?& ;:(A)F)(a%\gjli)nsvcg ;h;gtat\gergi%
single patternd; is defined to be equal to the zero vedor input or activation functioy for a committed nodpis based

In gener'a'l, the distance of an input patterrom an EA on the homologous expressions valid for FA categories:
categonyj is given as

1
cj:c{:Fl—(l—uz)djdjT] 1)

D —s(w;) —dis(x,w) E&-Z

dis(xle):max@‘x—mjnc,RJH—R,- (2) p(w; |x) = 5
‘ (6)
. R; +ma><@2j,||x—mj"C ﬁ
where we define pw, [x)=1- = |
— T
"X_mj"C _\/(X_mj) Cj(x—mj) (3) D-s(w;)—dis(x,w;) Ea2
i — J '
T(w; |x)= O
D-s(w;)+a
The quantity displayed in Equation 3 is th&halanobis @)
distanceof the pattern from the category's center. Instead D-R, —maﬁqj ,||x—mj|| H
of explicitly forming the shape matrig;, using Equation 1 W, |x)= c
we can calculate the distance of a pattefrom the center ! D-2R; +a

m; of a category with shape matrix; according to

Uncommitted nodes in EA/EAM feature a constant CMF

_ 1 _ 2 . [ T,y ]2 and CCF value for all patterns of the input space as shown
poomy |, = bemi - el Toempl @ SRS

In Equation 4, [, denotes the usual Euclidiab, norm of p(x|w)=1 (8)
its vector argument. Based on Equation 2, we define the D

representation regiomf an EA category as the set of all T(x|w;)= Dow+a (©)
points of the input space satisfying

As a reminder, the CMF value of a category is used for its
dis(x|w;)=0 [ ||x—mj||C <R (5) comparison to the vigilance parameter, when performing
i the vigilance test(VT). Also, CCF values are utilized to
determine a winning (committed or uncommitted) node
In Figure 1 the shaded areas correspond to thejuring node competition in the layer for an input pattern.
representation regions of the categories involved. The shapgo guarantee that the CMF and the CCF values are non-
of the representation regions in EA/EAM depends on thenegative for all categories and for all possible input
order, according to which patterns are being presenteghatterns, D should be selected at least equal to the
during training, and the EA/EAM network parameters. maximum possible Euclidian distance between patterns of
Apart from the vigilance parametga/[0,1] the choice the input space iffput space Euclidian diamederin
parametera>0 and the learning ratgj0,1], EA/EAM consideration divided by the ratio parameter in use, that is,
feature 3 additional network parameters. The first one is
D>0 and assumes the role oM (input domain 1
dimensionality) used in FA/FAM. Another one is the ratio D2 E”;‘?ﬂxp ‘Xq||2 (10)
of lengthsu/0,1] of a category’s minor axis with respect '
to its major axis. The last oneds1, which corresponds to
the parametew,>1 of FA/FAM. As a reminder, tentates
of uncommitted nodes in FA/FAM are initializedwew,1,
where 1 is the all-ones vector. In the case of the EAM

From Equations 6 through 9 it can be shown that using a
value ofD=D;>0 and a value ch=a,>0 during the training
phase of EA/EAM is equivalent to usin®=D,>0,

1223



a=a,=a;D,/D; and to scaling (multiplying) all input data by remains constant during future updates. Notice, also that the
a factor ofD,/D;. boundaries of the two ellipsoid'® andE"™" touch only at

one pointt(x,w;"?.
EA/EAM training and phases are identical to the ones of
FA/FAM. Upon presentation of a new pattern all nodes in
the F, layer compete in terms of CCF values. The node of
maximum CCF value is declared winner and its CMF value
is compared to the value pf(VT is being performed). The 3
pattern chooses this node, if the VT is passed. Otherwise,
the winning node is being reset and is excluded from future
node competitions until the next input pattern is presented; v,
after the reset, the node competition will be repeated. 3
During training, if the winning node that passes the VT is v .
uncommitted, the node becomes committed through
appropriate initialization. Otherwise, if the node is already
committed, then it might get appropriately updated; if the ) o
pattern falls inside the node’s representation region, no Figure 2: Category update assuming fast learning in
node update takes place. Moreover, in the case of EAM, if FA/FAM and EA/JEAM in 2 dimensions.
the chosen node corresponds to a different class label than
the just-presented pattermatch tracking(MT) [2] goes
into effect.

A typical lifecycle of an EA category under fast learning
assumptions is depicted in Figure 3. When categiyirst

, . ) _Created upon presentation of pattexp its center m
EA categories encode training patterns by updating theif,,incides withx,, its direction vector isl=0 and its radius

templates. During training, EA categories can only grow injg R=0. Assuming that category is eligible to encode

size and therefore can never be destroyed. The 'eaminﬁatternxz, the category's representation region expands into
rules of EA/EAM resemble the ones of HA/HAM and are 5, ellipse with its centen, amidstx, andx,, R equal to the

depicted below. The special casgl corresponds téast  Eyclidian distance between andx, and, finally,d, is set
learning Also, x denotes the second pattern to be equal to the unit Euclidian-length vector along the direction

encoded in categofy of X,-x1. Assuming that categolyis also eligible to encode
a third patterrxs, the representation region expands enough
new _ oold , ¥ old [, _od| O —old to include the previous representation region and the new
RI™=R; +EET‘M§RJ' "X mj |c;'°% Rj E 11 pattern, while maintaining constant its relative shape
(11) (constant ratiou of minor axis length over major axis
length) and constant direction (constant direction vesjor
H min R "x—m‘-’Id EH
b !l a) (12
mi=mi + - e-mse) (12
‘5 e-mé E .
.3 .\37‘ -
. —m.
dy =21 x4 #m, (13)
e =mil, L

Equation 11 and 12 imply that, when a training pattern is
already located inside the representation region of category
j, no updates will take place for this category. Figure 2
provides a 2-dimensional illustration of a comparison
between FA and EA category updates. Assuming that a
category already encodes a minimum of 2 patterns, due t¥Fhe performance phases of EA/EAM are also identical to
the learning rules in Equations 11 through 13, thethe ones of FA/FAM. To force EAM to classify a test
category's new representation region after an update can heattern to one of the existing classes, the vigilanbas to
shown to be the minimum hyper-volume hyper-ellipsoid pg get equal to 0 ard- o, so that uncommitted nodes are
that simultaneously contains both the old representationeycjuded from node competition. An interesting fact

region and the new pa}ttern to be encoded. Notice, that_oncf‘egarding EAM is that, if it is trained usimgr1 and then is
the EA category's direction vectod; has been set, it being used as a classifier with=0 and w- e during

Figure 3: Lifecycle of an EA category in 2 dimensions
under fast learning.
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performance, EAM becomes equivalent to thenorm
(Euclidian) 1-Nearest Neighbor classifier [9]. Furthermore,
if u=1 EA/JEAM become equivalent to HA/HAM, which
justifies our statement, that EA/EAM are generalizations of
HA/HAM.

3 Preliminary experimental results

In general, an objective comparison of clustering algorithms
is difficult to be achieved, thus, we will not attempt to
directly compare EA with FA. However, we can show the
potential of the EA/EAM family by comparing EAM with
FAM on the basis of classifition performance. We chose

a simple, artificial classification example for our purposes,
namely the Circle-in-a-Square problem. It has been used in
the past as a benchmark problem in the DARPA atrtificial
neural network technology (ANNT) program [10]. A circle

of radiusR=1/+/277 is inscribed in the unit square, so that
its interior covers exactly half of the unit square’s surface.
The classifiers have to learn how to distinguish points
inside the circle (class label 1) from points outside it (class
Egﬁ: Oghg |gEu Le'\; :}O?n,g]g (Z)lrsgllj?gr;yp;[:arz S:g_'sggéﬁgggzszlong with FAM and EAM another 11 classifie_rs were
correspond to points that the classifier labels as class onsideredt,-norm,L,-norm,L.-normk-Nearest Neighbor
white ones correspond to class 1 and finally gray ones tdKNN) [10], a variant of the Restricted Coulomb Energy
points that the classifiers were unable to label. ThesdRCE) classifier [11] using,-norm, L;-norm andL.-norm,
figures also illustrate training patterns as stars and arzen classifiers [12] with Gaussian, sinc-squared,
categories created via training. For our experiments, ter-@Placian and Cauchy kernels and, finally, GAM. All
training sets were created by drawing samples from eacfslassifiers were exposed to the same order of training
class with equal probability. Each set contained a multiplePatterns and were trained on a variety of parameter settings;
of 10 worth of training patterns: the first set contains 10, the€xcept the KNN and Parzen classifier, the rest of them were
second 20, etc. Also, a test set was created with 10,008@ined with approximately 1,000 distinct parameter

equally spaced labeled patterns that formed a grid of point§€ttings. Moreover, FAM, EAM and RCE classifiers were
inside the unit square. trained until completion of training (FAM and EAM used

fast learning). Finallyy, GAM’s training phase was
terminated every time, when, after two consecutive epochs,
no new categories were created.

Figure 5: An example of decision regions of EAM for the
Circle-in-a-Square problem.

Table 1 Classification results showing best and second
best classifier along with their percent misclassification
(PCM) on the test set and the number of exemplars
(categories) used to achieve this performance.

Training | Best Classifier Second Best Classifier
set size | (PMC% - categories)| (PMC% - categories)
10 FAM (25.00% - 7) GAM (25.87% - 5)
20 EAM (16.93% - 15) | RCE,(19.88% - 8)
30 EAM (11.77% - 27) RCHK12.43% — 22)
40 EAM (6.28% - 5) RCE,_(7.52% - 25)
50 FAM (7.76% - 54) EAM (7.84% - 44)
60 EAM (8.25% - 10) FAM (9.47% - 8)
70 EAM (7.43% - 56) Parzegi7.93% - 70)
| 80 RCE, (6.17% - 33) GAM (6.81% — 37)
Figure 4: An example of decision regions of FAM for the | 90 EAM (7.42% - 41) FAM (7.99% - 30)
Circle-in-a-Square problem. 100 EAM (5.48% - 6) RCH5.67% - 42)
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The classification performance results are illustrated inlEEE Transactions on Systems, Man and Cybernetics, Part
Table 1. We notice that for 7 out of 10 training sets the besB: Cybernetics, 29(6), &emberl999, pp. 786-801.

network was an EAM classifier. However, with training [5] J. Huang, M. Georgiopoulos and G.L. Heileman, “Fuzzy
sets of 70 patterns and above the differences in percerART Properties”, Neural Networks, 8(2), pp. 203-213,
misclassification are very small between the best andl995.

second best classifier. Notice that, depending on the numbg6] M. Georgiopoulos, H. Fernlund, G. Bebis and G.L.
and distribution of training patterns, ellipsoids might be Heileman, “Order of Search in Fuzzy ART and Fuzzy
more efficient for category descriptions than other shapeARTMAP: Effect of the choice parameter”, Neural
and EAM achieves good classification performance, whileNetworks, 9(9), 1996, pp. 1541-1559.

utilizing only a few categories (see cases with 40 and 10Q7] J.R. Williamson, “Gaussian ARTMAP: A Neural
training patterns). KNN and Parzen classifiers did notNetwork for Fast Incremental Learning of Noisy
perform that well in our experiments because of the smallMultidimensional Maps”Neural Networks9(5), 1996, pp.
sizes of training sets; these classifiers typically exhibit881-897.

improved misclassification rates, when there is an[8] G.C. Anagnostopoulos and M. Georgiopoulos,
abundance of reference (training) patterns. If you find the'Hypersphere ART and ARTMAP for Unsupervised and
ideas behind EA/EAM interesting and would like to further Supervised, Incremental LearningRroceedings of the
study these architectures, you may contact the primaryEEE-INNS-ENNS International Joint Conference on
author for MATLAB" binaries implementing the EAM Neural Networks6, Como, Italy, 2000, pp. 59-64.

classifier. [9] G. Wilensky, “Analysis of neural network issues:
Scaling, enhanced nodal processing, comparison with
4 Conclusions standard classification”, DARPA Neural Network Program

Review, October 29-30, 1990.
We have introduced Ellipsoid ART and Ellipsoid [10] R.O. Duda and P.E. Hart, “Pattern classification and
ARTMAP for clustering and classification tasks scene analysis”, Wiley, New York, New York, 1973.
respectively. While Fuzzy ART and Fuzzy ARTMAP [11] M.H. Hassoun, “Fundamentals of Artificial Neural
represent categories with hyper-rectangles embedded in thdetworks”, MIT Press, Cambridge, Massachusetts, 1995.
input domain and make use of thenorm for size and [12] K. Fukunaga, “Introduction to Statistical Pattern
distance calculations, their Ellipsoid counterparts utilize Recognition”, Academic Press, New York, New York,
hyper-ellipsoids and weighted,-norm for the same 1972.
purposes. Due to Ellipsoid ART’s and ARTMAP'’s category
and learning law definition, both families of networks,
Fuzzy- and Ellipsoid-, share virtually all properties of
learning. While in some learning problems hyper-rectangles
are ideal for data summarization, in other ones hyper-
ellipsoids seem to be more appropriate. Preliminary
experimental results shown in this paper indicate that, on
occasion, Ellipsoid ART and ARTMAP may be regarded as
good alternatives to Fuzzy ART and ARAP for
clustering and classification problems.
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