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Comparison of Optimal Solutions to Real-Time
Path Planning for a Mobile Vehicle

Jian Yang, Member, IEEE, Zhihua Qu, Fellow, IEEE, Jing Wang, Member, IEEE, and Kevin Conrad

Abstract—In this paper, we present two near-optimal methods
to determine the real-time collision-free path for a mobile vehicle
moving in a dynamically changing environment. The proposed
designs are based on the polynomial parameterization of feasible
trajectories by explicitly taking into account boundary conditions,
kinematic constraints, and collision-avoidance criteria. The prob-
lems of finding optimal solutions to the parameterized feasible
trajectories are then formulated with respect to a near-minimal
control-energy performance index and a near-shortest distance
performance index, respectively. The obtained optimal solutions
are analytical and suitable for practical applications which may
require real-time trajectory planning and replanning. Computer
simulations are provided to validate the effectiveness of the pro-
posed near-optimal trajectory-planning methods.

Index Terms—Mobile vehicle, moving obstacles, nonholonomic
constraints, optimal solution, real-time path planning.

I. INTRODUCTION

DURING the past decades, extensive research efforts have
been devoted to plan collision-free paths for mobile vehi-

cles. It is well known that mobile vehicles are generally subject
to constraints of rolling without slipping and belong to the so-
called nonholonomic systems [15]. Nonholonomy makes path
planning much more difficult since the planned paths must take
into account both geometric and nonholonomic constraints. In
addition, in real applications, it is often the case that we expect
to find a collision-free, real-time implementable, and optimal
path given the limited sensing range and the dynamically
changing operating environment of the mobile vehicle. The
main objective of this paper is to present two near-optimal
solutions to the trajectory-planning problem of mobile vehicles
by explicitly considering kinematic constraints and moving
obstacles while making the obtained solutions analytical and
real-time implementable.
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Many techniques have been proposed for the path planning
of mobile vehicles. Among them, the potential-field method
pioneered in [12] has been widely used, in which the collision-
free trajectory is generated along the negative gradient of the
defined attractive and repulsive potential-field functions. The
subsequent studies can be found in [4], [8], [10], and [23]. In
[9], the potential-field method was used in the moving-target
tracking problem by planning both the path and the speed of the
robot. Nonetheless, the potential-field method is not straightfor-
wardly applicable to mobile vehicles with kinematic constraints
since, in the potential-field design, the robot is usually treated as
a simple particle. Some approaches have been proposed to mod-
ify the generated trajectories from the potential-field method by
planning the path into a number of consecutive small segments
so as to make each segment locally satisfy the kinematic
constraints, such as the online suboptimal obstacle-avoidance
algorithm in [20] and the nonholonomic path planner in [13].
The spline method has also been developed in [7], [14], and
[17], in which a sequence of splines is used to generate a path
through a set of waypoints in the environment. However, prior
knowledge of choosing waypoints may not be available due to
the fact that the environment is both uncertain and dynamic.

To directly deal with kinematic and geometric constraints,
the exhaustive search method was used in [1], where the
workspace is divided into multiple regions and a safe path
is first established by starting from the initial position and
successively searching adjacent regions to the goal. Based on
that, the obtained path segments are reconstructed by discretiz-
ing the controls and integrating the equations of motion. An
alternative method was proposed in [5], in which the obstacle-
avoidance criterion and kinematic model are converted into
a set of inequality and equality constraints, and numerical
iterations are then applied to approximate or determine the path
that satisfies all the constraints. There are also some methods
addressing the planning problem with moving obstacles. In
[11], the dynamic motion planning is decomposed into a static
path planning problem and a velocity planning problem. In [6],
the time is treated as a state variable and the dynamic motion
planning problem is recast as a static one. However, these
approaches suffer from the incomplete information, and their
solvability is generally not guaranteed. An excellent summary
on path planning algorithms for robots can be found in [19].
For sensor-based map building, planning, and navigation of
mobile vehicles, a complete description is available in texts [3],
[21]. More recently, a new methodology to build compact local
maps in real time for outdoor robot navigation was proposed
in [2], which is useful for creating a safe trajectory for robot

1083-4427/$26.00 © 2010 IEEE

Authorized licensed use limited to: University of Central Florida. Downloaded on July 12,2010 at 18:32:36 UTC from IEEE Xplore.  Restrictions apply. 



722 IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS—PART A: SYSTEMS AND HUMANS, VOL. 40, NO. 4, JULY 2010

navigation. On the other hand, for the path planning problem of
mobile robots with kinematic constraints, the readers may refer
to a recent complete overview given in [16].

In our recent work [18], an analytic solution was presented
to determine a collision-free path for a carlike mobile vehicle
moving in a dynamically changing environment. Based on the
explicit consideration of the kinematic model of the vehicle
and the collision-avoidance condition developed for the dynam-
ically changing environment, the family of feasible trajectories
and their corresponding steering controls are derived in terms
of one adjustable parameter ak

6 . Thus, a class of collision-free
path(s) in a closed form is determined. In [18], we simply
choose ak

6 with the minimal magnitude to get a specified
trajectory from the class. Although this choice generally leads
to a feasible trajectory for vehicles, there exist some scenarios
in which the planned trajectories may have a big swing with
an unnecessary detour which apparently consumes much more
control energy to implement. There is no guideline provided
in [18] on how to pick ak

6 from the available set in order to
yield an optimal trajectory. In [22], a control-energy-related
performance index is defined in terms of the inputs of a chained
system (a canonical form of the mobile robot); however, the
physical meaning of a performance index in terms of the
original inputs is hard to interpret.

In this paper, as a natural continuation of the work in [18], we
present two analytical solutions to find the near-optimal trajec-
tories for mobile vehicles operating in a dynamically changing
environment with moving obstacles by explicitly handling the
kinematic constraints and collision avoidance. We define two
performance indexes, i.e., one in terms of minimal control
energy and the other with respect to the shortest distance.
Most importantly, unlike the general nonlinear optimal control
problem formulation in which usually the solution can only
be found through the time-consuming numerical iteration, the
proposed nonlinear optimization problems can be analytically
solved while achieving the near-optimal performance due to
the utilization of the introduced new performance indexes. The
obtained optimal solutions in this paper are computationally
efficient and applicable to practical applications which may
require real-time trajectory planning and replanning. Computer
simulations have validated the effectiveness of the proposed
design.

This paper is organized into five sections. In Section II,
the admissible trajectories are solved by polynomial parame-
terization and the feasible trajectories are defined; then, the
optimization problem is formulated. In Section III, two opti-
mal performance indexes are defined and the corresponding
optimization problems are solved analytically to obtain the
real-time implementable trajectories. In Section IV, simulation
results that demonstrate the effectiveness of our proposed ap-
proaches are presented. A comparison of all mentioned solu-
tions is made, and the advantages of these two near-optimal
solutions are illustrated. Section V concludes this paper.

II. PROBLEM FORMULATION

Consider the trajectory-generation problem for a mobile
vehicle moving in a 2-D plane (x–y plane), as shown in Fig. 1.

Fig. 1. Mobile vehicle moves from start configuration to end configuration.

The vehicle is represented by a circle with radius r0. The design
objective is to generate an optimal collision-free trajectory for
the mobile vehicle moving from the starting point (x0, y0) to
the ending point (xf , yf ).

A. Family of Feasible Polynomial Parameterized Trajectories

To find the trajectory from the starting point (x0, y0) to the
ending point (xf , yf ), we first define a family of trajectories
using polynomial parameterization, i.e., let the family of trajec-
tories be

y = [a0 a1 · · · ap][1 x · · · xp]T Δ= �a�x (1)

where x and y are the coordinates of the vehicle’s guidepoint,
which is often set to be the center of the circle, and integer
p > 0. The trajectory-generation problem now becomes to

solve for the coefficient vector �a
Δ= [a0 a1 · · · ap] using

a number of appropriate boundary conditions.
A trajectory is feasible if it satisfies the boundary conditions

imposed by kinematic model constraints. In this paper, we
assume a set of six initial and terminal conditions in terms
of position, orientation, and curvature defined as follows, i.e.,
the initial conditions are the initial position, orientation, and
curvature:

(x0, y0)
∂y

∂x

∣∣∣∣
x=x0

∂2y

∂x2

∣∣∣∣
x=x0

. (2)

The terminal conditions are given by the final position,
orientation, and curvature as

(xf , yf )
∂y

∂x

∣∣∣∣
x=xf

∂2y

∂x2

∣∣∣∣
x=xf

. (3)

Apparently, to make the parameterized trajectory (1) satisfy
all six boundary conditions given in (2) and (3), we must
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have p ≥ 5. In particular, the case of p = 5 generates a unique
solution, while p > 5 yields a family of trajectories. In this
paper, for ease of calculation, we simply choose p = 6. Thus, it
follows from (1) that

y =�a [1 x x2 x3 x4 x5 x6]T (4)

∂y

∂x
=�a [0 1 2x 3x2 4x3 5x4 6x5]T (5)

∂2y

∂x2
=�a [0 0 2 6x 12x2 20x3 30x4]T (6)

where �a = [a0 a1 a2 a3 a4 a5 a6].
In order to handle the changing environment given the

limited sensor range of the vehicle, we further consider the
piecewise polynomial parameterized version of (4). Let T be
the time for the mobile vehicle to complete its maneuver and
Ts be the sampling period such that k̄ = T/Ts is an integer.
Thus, at the time instant t0 + kTs, it follows from (4) that we
have the piecewise polynomial parameterized trajectory as

y =
[
ak
0 ak

1 · · · ak
6

]
[1 x · · · x6]T Δ= �ak�x. (7)

According to (7), it can be seen that initial conditions keep
changing with the motion of the vehicle, i.e., for k = 0, we have
the same initial conditions as those given in (2), while for other
0 < k < k̄, the initial conditions become the vehicle’s current
position, orientation, and curvature at time instant t0 + kTs,
k = 1, . . . , k̄ − 1, i.e.,

(xk, yk)
∂y

∂x

∣∣∣∣
x=xk

∂2y

∂x2

∣∣∣∣
x=xk

. (8)

The terminal conditions are unchanged as given in (3).
To this end, substituting boundary conditions (2), (8), and (3)

into (4)–(6) yields

[
ak
0 ak

1 ak
2 ak

3 ak
4 ak

5

]T
= (Bk)−1

(
Y k − Akak

6

)
(9)

where

Y k =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

yk
∂y
∂x

∣∣∣
x=xk

∂2y
∂x2

∣∣∣
x=xk

yf

∂y
∂x

∣∣∣
x=xf

∂2y
∂x2

∣∣∣
x=xf

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Ak =

⎡
⎢⎢⎢⎢⎢⎣

(xk)6

6(xk)5

30(xk)4

(xf )6

6(xf )5

30(xf )4

⎤
⎥⎥⎥⎥⎥⎦

Bk =

⎡
⎢⎢⎢⎢⎢⎣

1 xk (xk)2 (xk)3 (xk)4 (xk)5

0 1 2xk 3(xk)2 4(xk)3 5(xk)4

0 0 2 6xk 12(xk)2 20(xk)3

1 xf (xf )2 (xf )3 (xf )4 (xf )5

0 1 2xf 3(xf )2 4(xf )3 5(xf )4

0 0 2 6xf 12(xf )2 20(xf )3

⎤
⎥⎥⎥⎥⎥⎦ .

Fig. 2. Mobile vehicle in the presence of moving obstacles with limited
sensing range.

It follows from (9) that the family of trajectories in (4) can be
further expressed in terms of one adjustable parameter a6 as

y(t) = [1 x x2 x3 x4 x5](Bk)−1

×
(
Y k − Akak

6

)
+ ak

6x6, t ∈ [t0 + kTs, t0 + T ]. (10)

B. Collision-Avoidance Criterion

It is clear that, through the careful choice of ak
6 , we can find a

feasible collision-free trajectory from the family of trajectories
given in (10) unless the path planning is ill posed (inherently
no solution). In what follows, a collision-avoidance criterion
for calculating ak

6 is presented [18].
Let us consider the scenario shown in Fig. 2, where a mobile

vehicle moves in the presence of circular moving obstacles that
are centered at Oi and of radius ri. For moving objects, the
centers of objects Oi are located at (xk

i , yk
i ) at t = t0 + kTs,

and these objects are all moving with known constant veloci-
ties vk

i = [vk
i,x, vk

i,y] for t ∈ [t0 + kTs, t0 + (k + 1)Ts)], where
k = 0, . . . , k̄ − 1. The range of the mobile vehicle’s sensors is
described by a circle centered at O(t) and of radius Rs.

In order to avoid the obstacles, the trajectory have a distance
of at least (r0 + ri) from the ith obstacle. Then, the collision-
avoidance criterion for obstacle Oi in the y–x plane should be
as follows: For x′

i ∈ [x′
i, x

′
i] with x′

i = xk
i − ri − r0 and x′

i =
xk

i + ri + r0(
y′

i − yk
i

)2
+
(
x′

i − xk
i

)2 ≥ (ri + r0)2 (11)

where x′
i = x − vk

i,xτ , y′
i = y − vk

i,yτ , and τ = t − (t0 + kTs)
for t ∈ [t0 + kTs, t0 + T ], with T being the time for the mo-
bile robot to complete its maneuver. Substituting (7) and (9)
into (11), the obstacle-avoidance criterion (11) can be further
written as

min
t∈[t∗i ,t

∗
i ]

Gi

(
t, τ, ak

6

)
= min

t∈[t∗i ,t
∗
i ]

g2 (x(t), k)
(
ak
6

)2
+g1,i (x(t), k, τ) ak

6 + g0,i (x(t), k, τ) |τ=t−t0−kTs
≥ 0 (12)
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where [t∗i , t
∗
i ] ⊂ [t0 + kTs, tf ] is the time interval (if any) dur-

ing which xk
i ∈ [x(t) − vk

i,xτ − ri − r0, x(t) − vk
i,xτ + ri +

r0], and

g2 (x(t), k) =
[
(x(t))6 − f (x(t)) (Bk)−1Ak

]2
g1,i (x(t), k, τ) = 2

[
(x(t))6 − f (x(t)) (Bk)−1Ak

]
×
[
f (x(t)) (Bk)−1Y k − yk

i − vk
i,yτ
]

g0,i (x(t), k, τ) =
[
f (x(t)) (Bk)−1Y k − yk

i − vk
i,yτ
]2

+
(
x(t) − xk

i − vk
i,xτ
)2 − (ri + r0)2

where

f (x(t)) =
[
1 x x2 x3 x4 x5

]
. (13)

It follows that inequality (12) holds if the value of ak
6 lies in

the following interval:

Ωk
o

Δ=
⋂

i∈{1,...,nk
o}

[
(−∞, ak

6,i

]
∪
[
ak
6,i,+∞)

]
(14)

where nk
o is the number of obstacles visible to the vehicle at

time instant t0 + kTs

ak
6,i = min

t∈[t∗i ,t
∗
i ]

−g1,i −
√

(g1,i)2 − 4g2g0,i

2g2

ak
6,i = min

t∈[t∗i ,t
∗
i ]

−g1,i +
√

(g1,i)2 − 4g2g0,i

2g2
.

To this end, it is clear that the class of feasible collision-
free trajectories can be analytically solved by selecting ak

6 ∈ Ωk
o

[18]. However, no guideline is given for choosing ak
6 to pick the

best trajectory within the family. In this paper, we propose two
new optimal performance indexes and analytically find the best
ak
6 which can yield the near-optimal trajectories in terms of the

minimal control energy or the shortest distance.

III. OPTIMAL SOLUTIONS FOR REAL-TIME

TRAJECTORY PLANNING

A. Energy-Optimal Solution to Trajectory Planning

For a mobile vehicle moving in a 2-D plane, there are
generally two control inputs, i.e., the angular velocity of the
driving wheel u1 and the steering velocity u2. Thus, the energy-
optimal control problem can be formulated as follows:

min JE1
k

(
ak
6

)
=

tf∫
tk

(
u2

1 + u2
2

)
dt

s.t. min
t∈[t∗i ,t

∗
i ]

Gi

(
t, τ, ak

6

)
≥ 0. (15)

However, since the expressions of u1 and u2 in terms of
parameterized trajectory (x, y), (∂y/∂x), and (∂2y/∂x2) are
generally nonlinear and complicated (for example, the reader

may refer to [18] for the expressions of u1 and u2 for the
carlike robot), there is no clue on how to analytically solve the
optimization problem (15), and we have to use the numerical
methods which are time consuming and not a good choice for
real-time trajectory planning.

In what follows, we redefine the energy-based performance
index and find its analytical solution. For convenience, let the
horizontal speed of the vehicle be a constant C, i.e., ẋ = C. In
addition, we can choose the guidepoint of the vehicle such that

(ρu1)2 = ẋ2 + ẏ2 (16)

where ρ is the radius of the driving wheel. Since the control
energy used for steering control u2 is usually much less, we
can omit the steering energy to simplify the performance index
in (15) and recast the problem as a near-minimal control-energy
optimization problem defined as follows:

min JE2
k

(
ak
6

)
=

1
ρ2

tf∫
tk

(ẋ2 + ẏ2) dt

s.t. min
t∈[t∗i ,t

∗
i ]

Gi

(
t, τ, ak

6

)
≥ 0. (17)

The following theorem states that an analytical solution to
this optimization problem (17) can be obtained.

Theorem 1: Consider the trajectory generation of a mobile
vehicle operating in an environment with dynamically moving
obstacles. The formulated optimization problem (17) is solv-
able with

ãk
6 =

{
ak
6

∣∣min
∣∣ak

6 − ak∗
6

∣∣ ∀ ak
6 ∈ Ωk

o

}
(18)

where ãk
6 is the parameter rendering the feasible collision-free

trajectory with the minimal cost JE2
k and

ak∗
6 =

11
(

∂2y
∂x2

∣∣∣
x=xk

+ ∂2y
∂x2

∣∣∣
x=xf

)
12(xk − xf )4

−
22
(

∂y
∂x

∣∣∣
x=xf

− ∂y
∂x

∣∣∣
x=xk

)
3(xf − xk)5

. (19)

Proof: We first find the optimal solution without consid-
ering the collision-avoidance criteria (12). It follows from (17)
and (10) that

JE2
k

(
ak
6

)
=

1
ρ2

tf∫
tk

{
C2 +

[
Cḟ (x(t)) (Bk)−1

×
(
Y k − Akak

6

)
+ 6Cak

6x5
]2}

dt

=
C2

ρ2

tf∫
tk

[
(h1)2

(
ak
6

)2
+ 2h1h2a

k
6 + (h2)2 + 1

]
dt

=
C2

ρ2

[
f1

(
ak
6

)2
+ f2a

k
6 + f3

]
(20)
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where

ḟ (x(t)) =
[
0 1 2x 3x2 4x3 5x4

]
x(t) =xk + C(t − tk)

h1(t) = 6x5 − ḟ (x(t)) (Bk)−1Ak

h2(t) = ḟ (x(t)) (Bk)−1Y (21)

f1 =

tf∫
tk

(h1)2 dt, f2 = 2

tf∫
tk

h1h2 dt

f3 =

tf∫
tk

[
(h2)2 + 1

]
dt. (22)

It follows that JE2
k (ak

6) is a second-order polynomial of ak
6 ,

and its minimal value is achieved when

ak∗
6 = −f2/(2f1). (23)

It follows from (22) that

f1 = − (xk − xf )10(tk − tf )
770

f2 =
(xk − xf )6(tk − tf )

(
∂2y
∂x2

∣∣∣
x=xk

+ ∂2y
∂x2

∣∣∣
x=xf

)
420

+
2(xk − xf )5(tk − tf )

(
∂y
∂x

∣∣∣
x=xk

− ∂y
∂x

∣∣∣
x=xf

)
105

.

Substituting f1 and f2 into (23), we obtain the analytical
expression ak∗

6 in (19).
In the presence of obstacles, the objective is to find the ak

6 that
minimizes the cost JE2

k subject to inequality constraint (12),
i.e., we need ak

6 ∈ Ωk
o . To this end, by noting the parabola shape

of JE2
k in terms of ak

6 , the optimal value ak
6 that minimizes JE2

k

subject to inequality constraint (12) would be the closest one to
ak∗
6 . Thus, it readily obtains the optimal solution ãk

6 in (18). ♦
Remark 1: It is noted that ak∗

6 is not a function of T , which
implies that the optimal solution has nothing to do with the time
spent to complete the motion.

Remark 2: The near-minimal control-energy problem is ac-
tually an optimization problem with respect to the minimal
integration of kinetic energy because the term (ẏ2 + ẋ2) stands
for the unit kinetic energy of the vehicle. The solution to this
problem presents an optimal “total motion” effect to the mobile
vehicle.

Remark 3: It follows from (19) that if (∂y/∂x)|x=xk
=

(∂y/∂x)|x=xf
and (∂2y/∂x2)|x=xk

= −(∂2y/∂x2)|x=xf
, we

have ak∗
6 = 0. Thus, the optimal solution in Theorem 1 reduces

to the scheme that we defined to choose ak
6 in our previous

paper [18], i.e., we pick ak
6 with the minimal magnitude.

B. Length-Optimal Solution to Trajectory Planning

In this section, we consider finding the length-optimal solu-
tion from the family of feasible trajectories. The straightforward

strategy to obtain the shortest path is to use the line integration
with respect to the arc length, i.e., let the performance index be

JL1
k

(
ak
6

)
=

xf∫
xk

√
1 +
(

dy

dx

)2

dx. (24)

However, no analytical solution of ak
6 can be solved from (24).

On the other hand, we may consider the following perfor-
mance index:

JL2
k

(
ak
6

)
=

xf∫
xk

∣∣∣∣y − yf − y0

xf − x0
(x(t) − x0) − y0

∣∣∣∣ dx (25)

which represents the area between the generated trajectory and
the straight line connecting the starting point and the ending
point. However, there is also no analytical solution available to
the optimization problem (25). Motivated by the route of the
least square used in the linear regression and variance analysis
in statics, in this paper, we formulate the performance index as

JL3
k

(
ak
6

)
=

xf∫
xk

[
y − yf − y0

xf − x0
(x − x0) − y0

]2
dx. (26)

The performance index is an integration to the square of the ver-
tical coordinate difference between the class of parameterized
trajectories and the initial straight line. To this end, the optimal
trajectory-generation problem can be formulated as

min JL3
k

(
ak
6

)
=

xf∫
xk

[
y − yf − y0

xf − x0
(x − x0) − y0

]2
dx

s.t. min
t∈[t∗i ,t

∗
i ]

Gi

(
t, τ, ak

6

)
≥ 0. (27)

Similar to the performance index in (25), the performance
index in (26) can also make the trajectory stay close to the
straight line.

In the following, we present the analytical solution to the
optimization problem (27) in Theorem 2.

Theorem 2: Consider the trajectory generation of a mobile
vehicle operating in an environment with dynamically moving
obstacles. The formulated optimization problem (27) is solv-
able with

āk
6 =

{
ak
6

∣∣min
∣∣ak

6 − ak∗∗
6

∣∣ ∀ ak
6 ∈ Ωk

o

}
(28)

where āk
6 is the parameter rendering the feasible collision-free

trajectory with the minimal cost JL3
k (ak

6) and

ak∗∗
6 =

13
(

∂2y
∂x2

∣∣∣
x=xk

+ ∂2y
∂x2

∣∣∣
x=xf

)
12(xk − xf )4

+
117
(

∂y
∂x

∣∣∣
x=xf

− ∂y
∂x

∣∣∣
x=xk

)
10(xk − xf )5

+
429
[

yf−y0
xf−x0

(xk − xf ) − (yk − yf )
]

10(xk − xf )6
. (29)
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Proof: We first find the optimal solution without consid-
ering the collision-avoidance criteria (12). It follows from (26)
and (10) that

JL3
k

(
ak
6

)
=

xf∫
xk

[
f (x(t)) (Bk)−1

(
Y k − Akak

6

)
+ ak

6x6

− (yf − y0)(x − x0)/(xf − x0) − y0]
2 dx

=C

tf∫
tk

[
(m1)2

(
ak
6

)2
+ 2m1m2a

k
6 + (m2)2

]
dt

=C
[
n1

(
ak
6

)2
+ n2a

k
6 + n3

]
(30)

where

m1(t) =x6 − f (x(t)) (Bk)−1Ak

m2(t) = f (x(t)) (Bk)−1Y − yf − y0

xf − x0
(x − x0) − y0

n1 =

tf∫
tk

(m1)2 dt, n2 = 2

tf∫
tk

m1m2 dt

n3 =

tf∫
tk

(m2)2 dt. (31)

It follows that JL3
k (ak

6) is a second-order polynomial of ak
6 ,

and its minimal value is achieved when

ak∗∗
6 = −n2/(2n1). (32)

It follows from (31) that

n1 = − (xk − xf )12(tf − tk)
12012

n2 =
(xk − xf )6(tf − tk)

27720

×
[
5

(
∂2y

∂x2

∣∣∣∣
x=xk

+
∂2y

∂x2

∣∣∣∣
x=xf

)
(xk − xf )2

+ 54

(
∂y

∂x

∣∣∣∣
x=xf

− ∂y

∂x

∣∣∣∣
x=xk

)
(xk − xf )

+ 198
(yf − y0)(xk − xf ) − (yk − yf )(xf − x0)

xf − x0

]
.

(33)

Substituting n1 and n2 into (32) yields the analytical expression
ak∗∗
6 in (29). In the presence of obstacles, following the similar

argument in Theorem 1, we can obtain the optimal solution āk
6

as that in (28). ♦

Remark 4: It is of interest to note that if the performance
index in (24) is changed to

J◦
k

(
ak
6

)
=

xf∫
xk

[
1 +
(

dy

dx

)2
]

dx (34)

we can also find an optimal analytic solution of ak
6 . However,

the minimization of (34) does not imply the minimization of
(24) with the minimal length. It cannot guarantee that the
trajectories stay as close as possible to the initial straight line
either. In this sense, the performance index given in (26) is the
best choice which gives the analytical near-shortest solution. In
addition, an interesting result can be observed by considering
the case of ẋ = C. It follows that

J◦
k

(
ak
6

)
=

xf∫
xk

[
1 +
(

dy

dx

)2
]

dx = C

tf∫
tk

[
1 +
(

dy

dx

)2
]

dt

= C

tf∫
tk

[
1 +
(

ẏ

ẋ

)2
]

dt = C

tf∫
tk

[
1 +
(

ẏ

C

)2
]

dt

=
1
C

tf∫
tk

(ẋ2 + ẏ2) dt (35)

which shows that the solution from the performance index
J◦

k(ak
6) is the same as that we obtained with the near-minimal

control-energy method.
Remark 5: In the performance index (26), we can dynami-

cally update the reference straight line connecting the starting
and the ending point, i.e., we redefine the performance index as

JL4
k

(
ak
6

)
= C

tf∫
tk

[y − Kk (x(t) − xk) − yk]2 dt (36)

where

Kk = (yf − yk)/(xf − xk).

Although tedious, it can be computed that the optimal solu-
tion of ak

6 for minimizing JL4
k (ak

6) without obstacles is

ak∗∗∗
6 =

13
(

∂2y
∂x2

∣∣∣
x=xk

+ ∂2y
∂x2

∣∣∣
x=xf

)
12(xk − xf )4

+
117
(

∂y
∂x

∣∣∣
x=xf

− ∂y
∂x

∣∣∣
x=xk

)
10(xk − xf )5

. (37)

In the presence of an obstacle, the optimal ak
6 can be found by

min |ak
6 − ak∗∗∗

6 | and ak
6 ∈ Ωk

o .
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Fig. 3. Carlike vehicle.

IV. SIMULATION

To illustrate the effectiveness of the proposed optimal solu-
tions, we apply them to the trajectory-generation problem of the
carlike mobile vehicle.

A. Model of Carlike Mobile Vehicle

A carlike vehicle is shown in Fig. 3; its front wheels are
steering wheels, and its rear wheels are driving wheels but have
a fixed orientation. The distance between the two wheel–axle
centers is l, and the whole vehicle is physically within a circle of
radius r0 and centered at the midpoint along the line connecting
the two axle centers. Let the guidepoint (GP ) be set as the
midpoint of the rear wheel–axle. The model of the mobile
vehicle can be obtained as⎛

⎜⎝
ẋ
ẏ
θ̇
φ̇

⎞
⎟⎠ =

⎛
⎜⎝

ρ cos(θ) 0
ρ sin(θ) 0
ρ
l tan(φ) 0

0 1

⎞
⎟⎠(u1

u2

)
(38)

where (x, y) are the Cartesian coordinates of the guidepoint,
θ is the orientation of the car body with respect to the
x axis, φ is the steering angle, ρ is the driving wheel radius,
u1 is the angular velocity of the driving wheel, and u2 is the
steering rate. The range of φ is limited within (−π/2, π/2)
in practice due to control singularity. Define q = [x, y, θ, φ];
the trajectory-generation problem is to make the vehicle move
from the initial configuration q0 = [x0, y0, θ0, φ0] to the final
configuration qf = [xf , yf , θf , φf ] in time T .

It follows from (38) that

∂y

∂x
= tan(θ)

∂2y

∂x2
=

tan(φ)
l cos3(θ)

. (39)

From (39), it is obvious that θ and φ can be expressed in terms
of ∂y/∂x and ∂2y/∂x2; therefore, the polynomial parameter-
ization will match the kinematic model of the carlike mobile
vehicle. Moreover, the boundary conditions are

(x0, y0)
∂y

∂x

∣∣∣∣
x=x0

= tan(θ0)
∂2y

∂x2

∣∣∣∣
x=x0

=
tan(φ0)

l cos3(θ0)

(xf , yf )
∂y

∂x

∣∣∣∣
x=xf

= tan(θf )
∂2y

∂x2

∣∣∣∣
x=xf

=
tan(φf )

l cos3(θf )
.

(40)

Now, let us consider the collision-avoidance criteria for the
carlike mobile vehicle. Note that the coordinate of the center
of the carlike vehicle is (x + (l/2) cos(θ), y + (l/2) sin(θ)).
Thus, the collision-avoidance criterion (11) becomes(

y +
l

2
sin(θ) − yk

i − vk
i,yτ

)2

+
(

x +
l

2
cos(θ) − xk

i − vk
i,xτ

)2

≥ (ri + r0)2. (41)

By repeating the exactly same derivation in our previous
paper [18], we can obtain the same inequalities, as shown in
(12) with xk

i ∈ [x(t) − vk
i,xτ − ri − r0, x(t) − vk

i,xτ + 0.5l +
ri + r0] and g0,i(x(t), k, τ) = [f(x(t))(Bk)−1Y k − yk

i −
vk

i,yτ ]2 + (x(t) − xk
i − vk

i,xτ)2 − (ri + r0 + 0.5l)2.
In addition, once ak

6 is obtained, we can find the following
control inputs u1 and u2, as shown in [18]:

u1 =
w1

ρ cos(θ)

u2 = − 3 sin(θ)
l cos2(θ)

sin2(φ)w1 + l cos3(θ) cos2(φ)w2 (42)

where

w1 =
xf − x0

T
= C

w2 = 6
[
ak
3 + 4ak

4xk
1 + 10ak

5

(
xk

1

)2
+ 20ak

6

(
xk

1

)3]
w1

+ 24
[
ak
4 + 5ak

5xk
1 + 15ak

6

(
xk

1

)2]
(t − t0 − kTs)w1

2

+ 60
(
ak
5 + 6ak

6xk
1)(t − t0 − kTs

)2
w1

3

+ 120ak
6(t − t0 − kTs)3w1

4. (43)

In next section, we present the simulation results for the
optimal solution results obtained in Theorems 1 and 2. It
is worth mentioning that the proposed optimal methods are
also applicable to address other mobile vehicles, such as a
differential-driven vehicle.

B. Trajectory Comparison Without Obstacles

In the simulation, we first consider the case without obstacles
and then the case with moving obstacles. We use the following
settings for the vehicle:

1) Vehicle parameters: r = 1, l = 0.8, and ρ = 0.2.
2) Boundary conditions: q0 = (0, 0, (π/4), 0) and qf =

(17, 10,−(π/4), 0), where t0 = 0 and T = 40 s.
In the following figures, the scales are same and all quantities

conform to a given unit system, for instance, meters, meters per
second, etc.

For the case without obstacles, as shown in Table I, we obtain
seven different trajectories with the different choices of ak

6 .
Among them, path 1 corresponds to the shortest distance using
performance index JL1

k (ak
6) in (24); path 2 is for JL3

k (ak
6) in

(26); path 3 is for simply making ak
6 = 0; path 4 is for JL2

k (ak
6)

in (25); path 5 is for JE2
k (ak

6) in (17); path 6 is for JE1
k (ak

6)
in (15); and path 7 is for the method in [22]. Paths 1, 4, 6,
and 7 are obtained by numerical nonlinear programming. The
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TABLE I
PATH COMPARISON WITHOUT OBSTACLES

TABLE II
PATH COMPARISON WITH OBSTACLES

Fig. 4. Path comparison without obstacles.

trajectories are shown in Fig. 4, where the x-mark represents
the starting position and the star denotes the ending position.
The length of the paths, the corresponding control energy,
and the selected value of ak

6 are shown in Table I. It should
be noted that, for comparison purposes, while ak

6 in Tables I
and II are obtained either numerically or analytically for differ-
ent methods, the length and control-energy values in both tables
are computed based on the same set of equations, i.e., (24) and
(15), respectively.

This result verifies that the proposed near-minimal energy-
optimal method (path 5) reduces the control energy effectively.
More than 14% of control energy is saved by the optimal tech-
nique compared with that of path 3 which is the method used
in [18] for the obstacle-free case. The shortest path is path 1,
while the proposed near-shortest method (path 2) makes the
trajectory stay as close as possible to the initial straight line, and
its length is only 2% longer than that of path 1. In comparison,
although paths 2 and 5 are only near-optimal, their values of ak

6

can be computed analytically based on the solutions provided in
Theorems 1 and 2, while the solutions for paths 1, 4, and 6 have
to be calculated offline numerically. In the presence of moving
obstacles, the methods generating paths 2 and 5 would be good
choices for real-time implementation.

Remark 6: It is noted that the length of the path obtained by
the near-minimal control-energy method is shorter than the one

Fig. 5. Shortest path of the vehicle and paths of obstacles.

by the near-shortest method. The near-minimal control-energy
problem minimized the L2 norm of the speed; hence, the norm
of the speed is minimized on a certain level. Furthermore, since
the time T for the vehicle to finish all the maneuvers is fixed,
as a by-product, the length of the path is minimized to a cer-
tain extent by the near-minimal control-energy methodology.
However, it should be pointed out that the near-minimal energy
performance index (17) is close to the energy index in (15) and
that the near-shortest path performance index (27) is close to
the length index in (24). Therefore, for general cases, there is
no reason to claim that the path obtained by the near-optimal
control-energy method would be shorter than that by the near-
shortest method.

C. Trajectory Comparison With Moving Obstacle

We consider the following settings for the case with moving
obstacles:

1) Moving obstacles: n0 = 3, O1(t0) = [5, 0]T, O2(t0) =
[9, 4]T, O3(t0) = [19, 10]T, and ri = 0.5 for i = 1, 2, 3.

2) Speeds of obstacles:

v0
1 = [0, 0.4]T v1

1 = [0.5, 0.2]T v2
1 = v3

1 = [0.2, 0.2]T

v0
2 = [−0.5, 0]T v1

2 = [0.6, 0.1]T v2
2 = v3

2 = [0.6, 0.1]T

v0
3 = [−0.2,−0.1]T v1

3 = [−0.2, 0.1]T

v2
3 = v3

3 = [−0.1, 0.1]T.
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Fig. 6. Near-shortest path of the vehicle and paths of obstacles.

Fig. 7. Path of the vehicle with minimal |ak
6 | and paths of obstacles.

Fig. 8. Path of the vehicle with the smallest area and paths of obstacles.

The sampling period is adaptively chosen according to
the speed changes detected, and hence, Ts = 10 s.

3) The sensor range Rs = 7 implies that the vehicle has a
limited sensor range; thus, the vehicle detects the pres-
ence of objects 1, 2, and 3 intermittently.

Fig. 9. Path of the vehicle with near-minimal control energy and paths of
obstacles.

Fig. 10. Path of the vehicle with minimal control energy and paths of
obstacles.

Fig. 11. Path of the vehicle with minimal control energy in chained form and
paths of obstacles.

The simulation results are shown in Figs. 5–11. The position
of the vehicle is marked by a big circle, and the positions of
the three objects are marked by small circles which are drawn
every 5 s.
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Fig. 5 shows the results for the shortest distance method
using performance index JL1

k (ak
6) in (24), Fig. 6 is for JL3

k (ak
6)

in (26), Fig. 7 corresponds to the choice of an ak
6 of minimal

magnitude, Fig. 8 is for JL2
k (ak

6) in (25), Fig. 9 is for JE2
k (ak

6)
in (17), Fig. 10 is for JE1

k (ak
6) in (15), and Fig. 11 is for the

method in [22].
In all figures, path 1 is the trajectory solution if the objects

would maintain their velocities at v0
i for t = [0, 40], path 2

is the trajectory if the object velocities would be kept at v1
i

for t = [10, 40], path 3 is the trajectory if the object velocities
would be kept at v2

i for t = [20, 40], and path 4 is the complete
solution of the entire trajectory by considering all the speed
changes of all objects. The results about path 4 obtained from
different methods are shown in Table II. The paths of obstacles
1–3 are represented by the dotted, dashed–dotted, and dashed
lines, respectively.

As shown in Figs. 7 and 11 and Table II, it is found that
the trajectories generated by ak

6 using our previous methods in
[18] and [22] contain a longer swing and consume much more
control energy than what the trajectory got from our proposed
optimal methods. The near-minimal control-energy solution
(Fig. 9) reduces the consumed energy to 44.8% of the one
that applied the minimal control energy in chained form. The
near-shortest method (Fig. 6) reduces 38.2% of length when
compared with the path generated by choosing a minimal |ak

6 |.
Most importantly, for the results in Figs. 9 and 6, the values of
ak
6 at each sampling time instant are computed online using the

solutions provided in Theorems 1 and 2.

V. CONCLUSION

In this paper, two real-time implementable near-optimal so-
lutions to the trajectory-generation problem of mobile vehicles
moving in a dynamic environment with moving obstacles have
been presented. Based on a piecewise polynomial parame-
terization of all feasible trajectories, the trajectory-generation
problem is formulated as a constrained parameter optimization
problem subject to the boundary conditions of the system and
the inequality constraints imposed by the obstacle-avoidance
criterion. Different performance indexes are defined to obtain
optimal solutions. Compared with other optimal criteria, the
proposed near-shortest and near-minimal control-energy perfor-
mance indexes achieve the near-optimal performance in terms
of the reduced control energy and path length, while their so-
lutions are analytical and suitable for real-time trajectory plan-
ning. The proposed framework is applied to a carlike mobile
vehicle, and simulation results have verified the effectiveness
of the proposed methods.
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