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Goal: Map an Arithmetic Function to an FPGA
Target 500MHz with a 28nm low-speed-grade (-1) device

The polynomial hy = YK_. a x’% SR
K k=1

High-dynamic range with
17 significant bits

Is expressed in the Horner form for stability and reducing resources

ak-1 ak-2
(" N\ )
X |
N\ VAN _/

K — 1 stages of multiply-add in a K"-degree polynomial

Page 2 © Copyright 2013-2015 Xilinx & XILINX > ALL PROGRAMMABLE.



.
XDR

Floating-Point Format for Two’s Complement Integer Hardware
» Every XDR(L, E) number xis apairx = (d, &) =d - 2%, where
- d: significand of x, an L-bit two’s complement integer
e |d| < 2571 to emulate sign-magnitude, or
o —2L71<|d|<2t~1 if you know what you’re doing to avoid overflow, and

- ¢. E-bit exponent of x, a two’s complement integer. Normalization optional.

» XDR is a custom floating point format.
— For block floating-point implementation with fixed-point hardware

— Example: Multiple representations of 4.0625 in XDR(11,8)
x = (130,-5) = (260, —6) = (520, —7) = 4.0625.
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e AR
A Hybrid Fixed-Floating-Point
Fused-Multiply-Add Example

Modeling intent: Put the XDR significand directly on the wires.
4.0625 * 0.25 + 0.046875 = ? e

(6,-7)=0.046875
}

Binary point alignment
o e[ <<15 }for addition
(196608,-22)=0.046875

(130,-5)=4.0625 o\ (4259840, -5-17=-22) " "\ (4456448,-22)=1.0625
=1.015625

€© 00.17 Fixed Point: (32768,-17)=0.25
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XDR Arithmetic Operations Original exponent

minus final exponent

» For some common exponent ¢,
— Addition: (dq,&1) + (d,, &) = (d{ - 25175 + d, - 2527¢, ¢)
— Multiplication: (dq, ;) - (dy, &,) = (d{d, - 2617827¢ &)
— Fused multiply-add

* No access to shift product. Must do all necessary shifting up-front.
° (dl; 51) . (dz,gz) + (d3,€3) = (dldz . 2€1+€2—€ + d3 . 283—8’ 8)

L : _ One stage of the
» Finding the right common exponent & is key to Horner polynomial

—saving hardware and accelerator
— maximizing dynamic range.
» Absolute value for an L-bit two’s complement value
d=(d;,_{,d;_5,,dp) Test of most-negative two’s

complement integer

e 1 d =-—-2L"1
abs(d) ={ —~d+1, I(d)=0 , where TI(d) :{o' =
—-d, T(d)=1. , otherwise.
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Fused Multiply-Add as Polynomial Systolic Cell

bk-1

Vo = bK us
x[n]
One Stage 48-bit fabric adder input in
DSP48 has headroom to
shift polynomial coefficient
t A
NA:25

25x18 multiplier in 7 Series.
(27x18 in UltraScale™.)
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XDR Systolic Cell

0. Ex_i (bK—i 1 €Ki )
! N
B
© cofiicient
Z(Wi—l) Ex_i— P Sh|1‘ter> :
B
Legc;lllgg— — @ | Shift Amount Ne
! Generator
Detector — 2~ | e
Pia=Pité] (C -
(Wl—l'pi—l) i QW._l,P. 1) Y (p-2)
b i %’ SK-i
Np ] 2bs« NP m
XDR absolute value Fused normalizer
o (a bit more complicated e and range shifter N e FMA Core
than sign-mag abs) (X, Ey )

Page 7 © Copyright 2013-2015 Xilinx & XILINX > ALL PROGRAMMABLE.



Strategy for a Scalable High-Performance Design

-Floorplan-Aware Resource Mapping for Systolic Cells

FPGA
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LUT-to-DSP Ratio Matters to Resource Mapping

DSPs assigned to FMA but not ABS results in DSP underutilization

/ 7
cB | cB | cB | cuB cB | cB | cB | cuB /cua/ B |cwmB | cB | cB|cs]| cB| cs clB | cLB | cB | cLB
/
/ /
cB | cB | ce | ciB cLB | cLB /Q( cB | c cB | ctB | ctB | cB | cB | cB | cB cB | cB | ce | cLB
4 /

cB | ctB | cB | ciB //5 cB | cB | c/| cB | cB | cB | cB | cB | cB | cB | cLB cB | clB | ce | cLB
cB | cte | ce | ciB cB | cB | cte/ cB | cB | cB | cte | cB | cB | cB | cB | ciB clB | clB | ce | cLB

DSP
cB | cB | cB | cuB CLB CLB//CLB cB | cB | cB | cB | cB | cB | cB | cB | ciB clB | cB | cB | cLB
cB | cB | cB | cuB cB |/cB | cB | cB | cB | cB | cB | cB | cB | cB | cB | ciB clB | cB | cB | cLB
cB | cB | cB | cuB B | cB | cB | cB | cB|cB|cB|cB|cs|cs]| cs|cs cB | cB | cB | cLB
cB | cB | cB | cuB // cB | cB | cB | ctB | cB | cB | ctB | cB | cB | cB | cB | ciB cB | cB | ce | cLB
cB | ctB | cB | ciB cB | ctB | ctB | ctB | cB | cB | ctB | cB | cB | cB | ciB | ciB cB | cB | cB | ciB

DSP
cB | cB | cB | cuB cB | cB | cB | ctB | cB | cB | ctB | cB | cB | cB | cB | ciB cB | cB | cB | cLB
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Mapped Both ABS and FMA to DSP48E1 on K-7
Two DSP48s Per Cell to Match LUT-to-DSP Ratio with FPGA Region

(bK—i y & K—i)
Ng
Coefficient
Shifter |,
1
N
Legcrl]lgg— — Shift Amount "Nc
-~ Generator
Detector A
Pi_1 — Pi + Ey
(Wi—l’pi—l) : qu_l ’pi—l) ' (tinq —(C,‘X)
bski F—4——®] S«
Np g Bl Np Na
XDR abSOIUte Value Fused norma“zer
(a bit more complicated and range shifter
than sign-mag abs) (X, gx )
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Mapping Choices

» Two DSP48E1ls instantiated for each systolic cell [LLL

— One column for the ABS. B R RSB
— Another column for the FMA. /

—~300:1 LUT-to-DSP48 ratio in each stage to achieve balance for P&R

> XDR ABS a tad more than sign-mag ABS 2s complement negation

d d_,=0 /
abs(d) =< —-d+1, [d) =0

—d, nd)=1. Saturation for most-negative 2s
complement number (1000...0).

» XDR abs as a DSP48E1 by controlling CARRYIN and ALUMODE.
— CARRYIN = sign_bit(d)& ~TI(d)

— ALUMODE[O0] = sign_bit(d)
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Leading-One Detect and Arithmetic Shift

» Leading-One Detector
— Chosen over leading-one anticipator (LOA) to reduce area
— Tried many versions, including recursive code
— Current version is a pipelined CARRY4-based priority encoder
— Formally verified against a for-loop RTL description

> Arithmetic Shifter
— Parameters: width and pipe depth
— Fused shifter for normalization and binary point adjustment for FMA
— Right shifter only. Up to 71 bits to emulate bidirectional shift.
— Formally verified against Verilog “a >>> b”
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Vivado HLS C++ Used for Numerical Analysis

» The Vivado C++ arbitrary-precision template classes

—ap_int<>
—ap_fixed<>

Well-defined and handy C++ classes from HLS!

» XDR C++ template class models high-dynamic-range numbers of

the form b = (¢, €) = ¢ - 25.

» Round-towards-zero chosen for
lower HW costs.

— Doesn’t have to use RTZ.

— Thanks to ap_fixed<>, easy to change
rounding mode

Page 13

[s] Vivado HLS - poly2 (C:\datz\Vivado\poly2\poly2) [sl[®][==]
File Edit Project Solution Run Window Help
BltErlER B B« ®
35 Debug ||+ Synthesis & Analysis
[ Explorer [ %5 Debug 22 = 5 (09= Variables 52 . % Breakpoints i Registers | = Modules| =g
R &t S|iew~ EEIGRE X ==
Debug [C/C++ Name Type Value
o i axit value: 0> C Iy2\poly2 build\cs
< . | »
i ] »
B poiyh  [[EmainC &2 W XDRh | [ linDSPh | €] _maind o ./mingw/gccmainc80:40 |~ O |[BZ outl 3\ EDisa| — O
T =4
m R REIL
XDR<N_b> x; =3 stdioh [E]
XDR<N_C> hj o fstream M
double max_xdr_rel err = @.8; // Maximun XDR error relative to double-precision
&l iostream
outstrm <<"x,sp_rel_err,h_rel_err,dB_abs_h_err,h,sp,dp,x_lw,h_lw,max_abs_xdr_err_sf" << endl; o cstdlib
// 8.9 ~= (117965, -17) = unistdh A
for(int i = @; i <= 104858; i += @x1){ o string 3
x.set(i, -N_b+l); st
// Call XOR implementation of polynomial evaluator Bl sstream
poly(b, shift_amts, x, poly coeffs[2].get_exponent(), h); A cassert
= std
// Compute polynomial in float and double U apinth
float y_float = poly_float (poly_coeffs, x); =1 XDR.h
double y double = poly double(poly coeffs, x); B o MAUR
// Compute maximum relative error energy & AsHh
double h_err = h.to_double()-y_double; = polyh
if (abs(h_err/y_double) > max_xdr_rel err) { max_xdr_rel err = abs(h_err/y double);} U KilinxDSPh El
il » [EE e =
B Console 2 ¥ Tasks| [ Problems| ) Exccutables| 0 Memory| RREBEEE"S
<terminated> poly2.Debug [C/C++ C sim.exe (5/15/13 4:52 PM)
INTOT (LR 10y [ ] UL/l =@, SNLTC_amts(7] = 4L o
[hex]e, [dec]-35) @, b[8] = @, shift_amts[8] = -19
[hex]11b&9, [dec]-47) 5.15747e-818, b[9] = 11b33, shift_amts[9] = &
Info: Maximum XDR error relative to double precision = -188.363dB —
=
« v
‘ Writable ‘ Smart Insert ‘ 160:55

© Copyright 2013-2015 Xilinx

& XILINX > ALL PROGRAMMABLE.



Kintex-7 410T Place-and-Route Results

519MHz
620MHz

-11:

with_lod.xpr] - Vivado 2013.1

poly_with_lod - [f/home/ephremw/icm/rtl/Vivado/poly_with_lod/poly_
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How Good is the Manual DSP Placement?

ivado

th V

ilon Wi

Design Space Explorat

> Use 10 out of 14 DSP slots to

match LUT-DSP ratio

DSP

ique

run

/4

— 14

> (310

placements
> If ~10 mins per P&R run,

>69,110 years of run time

> Heuristically prune search space

> Plot fmax histogram
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DSP48E1 Placement Exploration Pruning

Pick 5 DSP
positions among 7
in each column
,Cg X ,Cs = 441

Case 1. Case 2. Case 3.

Ping-pong placement U-shaped placement S-shaped placement

441 x 3 x 10 (minutes) =» 3 days with 3 machines
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Fig 2. Ping-pong DSP Placement
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Fig 1. Default Placement
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Fig 4. S-Shaped DSP Placement

Fig 3. U-Shaped DSP Placement
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Fmax Distributions

0.25 Mean = 499.2
Mean = 497.7I 11 Mean = 503.4
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Performance Distribution
Top 46.4% of Results Meet 500MHz at -1

1 Requirement

2 Technology Limit—

110 ~ - 100%

100 - - 90%

90 1 L 80%

80 -
- 70%

8 (o))
70 - —
— . - 60%
QC) 60 - 3 [Initial Manual )
= DSP Placement - 50% %
- 50 A

Q 4 Without Manual 519MHz | 4000 O-
@)
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473MHz

- 30%
30 -

20 - L 20%
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Values are left edge of bars Maximum Frequency (MHz)
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Work Flow

\ 4

Floorplan-Driven
Resource Mapping
(LUTs vs. DSPs)

Algorithm
Development

C++ Modeling in . Non-pipelined RTL
Vivado HLS with EAEMT S AN for Verification-by-
Development

XDR template class Inspection
Numerical Accurac Vivado Implementation Logic Equivalence
T y to Reach 534MHz on 7 Checking with
Verification in HLS . S
Series -1 Retiming
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Summary

» Developed XDR as an analytic tool to
— ease reasoning of custom-floating-point designs ...
— ... for two’s complement integer hardware.

» Exceeded Fmax target with Vivado™ and guided placement

Kintex -1 Fmax Kintex -2 Fmax

519 MHz 620 MHz

» Design space exploration revealed faster designs at -1 (534MHz)

» Divide and Conquer with Floorplan-Aware Resource Mapping
— Restrict RTL pipeline hacking to low-level blocks. A library of by-products ...
— Manually balance LUT and DSP resource use by recoding RTL
— The only physical constraints used: pblock and manual DSP placements
— Turns out initial manual DSP placement works pretty well
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